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Consider, for each tixed value of IEIR, the vecterfield fx on IR,

defined by txCx) = < -x²

Eor X<o. a sketch of the phase portisit is giwen
 by

x=X-x

(X<0)

Though the exact formulas
 fr the salutions vary in I,

the overal behuvrn,
 that is the qualitative bekanon

 remains

the same, as long as
 we Reep (stritly) negatms.

Things look differend f
r =0:

(X=0)

For instome, where for <0 every solution

shat off to - os, we now have a steady stak poind ut

X=0, Moreover, solutions that start at a positive valve af X

limit to chis steady- stale point, and wil uf course nat pasit

Things are again differend for Xyo. Now we have 2

sleady- state points, Cound by Saliring FACX)= )-  x²=0

So x=X => x==√h. The piture is 
now

unstalle Stable

-5

Nate thal Dafx(x) =-2X, and Eo

Defscx) 5 = +20s >0

Dxfx(x) xo 5x = -2√X < 0

So X=-J is unstalle, and X= Jx is stable

2x-X =X

(A>0)



② We may, for evch velue of I, plat the position of these fixed
points, as well as their stalility in the coesponding system on R,

X= fx(x):

(4)

Thus, esch vertical slice (i.e. Fixed value of )) corespondsto

one of the systems in the pictures .②l. a solid line means
the steady stale point is stuble in the corresponding OD E

x=fx<x), a dashed line indisates it is unstalile

The picture is referred to as a bifurcation disgrum (of
steady stole points)

nect, we want to see what happens when we add

higher vrder tems ("h.o.t") to the X-Eumily af 0DES&=fx(x)
In ather words, we consider

x = X-x² + Q3X²+0 x X + de2x'+...
for some vis ER. (soto speak)

To do so, we tinst need some natation and a very
useful therem:

Thr: Implicit frunition therrem
m+n

Iet f: lp aiaien IR" be C'(contenuesty differentalle)m

We wile Flx, y) wch XEIR", yelR", Supporef(a,b)=0 and that

afi (01h).. fm(0,91

Dxf(4,b) =
is imverluble

Jfm Jfm(a,b)

mX



Then there exist open neighlnhoods U =IR" 5.C. a c U,
VS IR" S.E. bEV.

and a C'map g:V-l such thal, assels,

{ (x.) < U=vlfcx)=0

{ <x.iyleuov | x=yly)
Rm

f

u
g

(ba

i211

R
m

Nate thar, Eince flo,bizo, mehave a= gibl.

•26 fis c² bn ke{12.3 }U{00}, then y can alin

be assumed сk

This thenrem follows direily Crom:

thr Inverse function thereтв
Let F: IR RleR C'and het ueR be apont where

DFca) is imertable (as linems map Erom 12²to R
then there exist UVERe open such that a cU and

Flu)EV und H:V-u a C'mup such that

H(F(x1) = x borall XEll and

F(HCYil= y bnall y EV

So Flu is a bijction trom U tovV wch C'i"immerse I

• If Fis ck, ke f12. }ufoo} then H may be assumed
k

C us well

the last part of the Iwerse Euntion theem fallows readely



① Because, since F(HCYl)= y for all yeV, we have, by the

chain rule.
DF(HCY). DHC1)= Id. 0x,

So DHCY): (DF(HCYD" =(I.DF. H) (y

where I: Glll, 18) I is the cas mup that sends u

matux to its merse

The Imerse Euntion Theem is usuallywully proven by tinding
a contruction on a sustable funition spare

To obtan the Implicit Funtion Thenem from the Inverse Funtion
Therem, take f: pmin - R" us in the Implicit buncion therrem

mtn mtn

and define FR IR as F(x,y) = (fcx.?, y)
m R

12 ER IR
Chen

DF(a1b)= Df (4,6) Decaib1

0

So F salisfer the conditions af the Inmere funition therremIR

Let H be the lorul inverre, and wwrite HCX, y) = (HI(x)i H2cxiy1)

Then F(H,CX,y). H2(x/1) = ({(H.(x,), H₂ cy,y)), Hz(x«y}) = <x,y

Now nute thut

So H2cx.y) = y & F( Hicx,V), y ) = x

{(x.y) |fcx,=o} = {(x,y)|Fcx,/)=(0.y)}
= {HCO, =HiCO,у),у)

Set glV) := Hico, 1) und me ure dove.

Next, we will often use "biy O"natation. det a ER and

f,g R²-> R two functiins. We unite fiej O( gu) as xsa
If there exist C.8s0 such that

|f(x)) = Clg(x)1 br all x st O<lx-al< 8

Most of the time, glx) will be something litee gx)=1X'"
or g(x) = [x°\+ (x{[X[ +/X}



6 Forinstace, suppose FLX,y)= x²fi(X,y) + y²fz(x, V)
for some contimues functios f.,f:12²> IR. Euppore tHil and f2
are bounded by K>o in some neighlonhord (f af (0, 0) R²
then

1 x fi<x,y) + y²f₂(x,/)l = 1xl lfcx yp l + l y ll f² (x)

= K(1x+149) in U

So f(xiy)= ©(lxl+ly²1) usxs0

Be careful with the o1". Er instance x-y= @Cixl+ly1) usx=0
as 1x-V1 =lxl+1V1, But X-y 7 ©(x+y), Because br (X,y?= CE,- )_

1X-Y12181 £ Clx+yl
()

Recall Tuyles's therrem

asxo

=0 in ang neighlirheр uf 001

Ib f: R"- Ris(ktl lez1, then ,for a E 12",

f(x)= Df(a)et (X-a) + Ro(x) (x- a)
1B1=e41

B

where & =(0r,. om), Bi(B---3~) are multisels,

and every Rs is continues (so locally bounded)
D°f(a) α

Su then flx) =
Bこと

Typically, we will wantlo write. f) = (@(glxl) asxso
So if we just wile F(X)= 0(y(vi), wetypi cally mean

Let us now

wsx0

study bifurzations in systems uf
the form

(say the bull syshen is caas bn simplicntsy)



6 Node thal f. IR->R satesfes Daf(0,0) = 2 .Thas by the
Implicit frenctiom, there is a (loually debined) map y:8-R
Satasfiyny Xc0)=0 and such that ell solations to u v

feR,A)=0 ure given by (X,XCx)). This means
the bifurcation diagram may louk like e.g.

X

X

(Egnaing stalility), all we know is that the -commponts

are a funtion uf the x-components, af the steady- stare

poinhs. hate thar the 2nd and 3vd option would constitule

"real bifurcations", as the number af zerves chunges as

X- varies.

Now, the derivntene in the x-diredias of vur bamily uf v
ectubredds

is giwen by Dxf(xX) = -2X+ ©(lxi²+1A1). Wesee thad 
DxF(0,0)=0 und,

since Dxxf(X )) = -2+0(1i}.we conclude agais by the

Implicit function the
rem that, locally,

}()x)

{CX) DeFx)=0Y= {(GCW, X)} for sone mup & pasris

through 0. Sime Daxf(x(X),  \) = -2 + 0(1)1), me have

Dxx F((A) )+ 2 = 0C111), so loca
lly

|Dxxf(&Cx),X) -21 = CIX1 hrsone (so. This mea
ns Dxxf

is negative along the curve (X(X)
,)) uround (0,0).Thus me

hane thaad (8().I) is a bumi
ly of mucimums of euch fCX)),

br fited: xdenates

steady staler

mux

& maximens,

(Dxf vanisher)



D Finally, consides f ulong these maeimens X()).
Sime X(X)= 0(IN). and fCX.))= \=x°+Q(\x1²tlxiN+/X1), we huve

F(7C).)) = > OXi). Sobor co, f(X(x), X) <o
bыdso f(x(N))>0

So bon tko, the macimum uf f(X,)) when varying Xis

negatme, so we cammal have myzeraes (lorully) br cO.

Thus the picdure murt be
, denates

steady stole pornks

local

Xamm

ab FLX,)) br fixed

✓f(x,\°) f(X,)

X X

f(xX)

Nite that we may also
 deduce stalilily brom thes. Thu

s,

qualitavely, the bifurcation ding
sm a =X-x² und

ure the same. The name borthis common steudy-stale biburcation

is the saddle- node bifurcation

Thisis what the vectirfild x= X-y²+(\xl²(k||X] +1X1') "means!"

by the way
3

doo t dio X + Az0X+ a30X²'+ OCixi)

f(XX)= +au, +(a11xX +a24x)+asax)
+doz) taizx) +azzx')"+a32x OCIXIIN

+a032+413x3'

OCIX)
So Qou= o, so flu,0)=0

a10=0 S0 Dxflo01=0
420=-7
401=1



It seems a lit excessive that we need 4 conditions for this to hold,

butas it turns out this situation is "generic", as we now

explne

Enst, note that, if f(x,ho) =o for some xo,AaeIk, then we may

define F(X.)): f(X+Y, ^+o), So lad {(0,0)=0. Thus, after a

quinlk coadinade transfirmadies, we may assume that the

steadey- stale point that me wanter iwestigute, in terms af

continuation, isat X=0 br xa-o. Tthis ub course works

tor vetafelds on R" in d-paramalers as well. One wrd ah

advice, yoing trom f toi as above may not preser
ve all

tbe propertes that f has, such as suymimetry or a vetunk-

struiture at leust some care is needed. this explains wly

ussume a.. =o (ie.  flo.0)=0)
in our situation we may

as bor ais, if a1o 7o, then by the Implicit Pucko
n

Thenem, the set uf steady stute points is locsally a graph

over X So there is wat really a

bifurestion to rpeak uf

(of steudy stale poinks)

This is why we asrume a10=0.

wne geverally, we have

Th I Let F: 12"x 12 -> (R" be a d- paramater bunily ah med

westerfelts on 12, which is C'( seenas u map trom (R" (2)

Supprre F(U,0)= 0, und that X=o is a hyperbalic

steudy state point af fo.= F(o,0) : 1R"->12" T
hen

there exist pen neighlnhnte US1R" V 1Rd wilh

OeU, OEV and a C'map giv-ru->U such thal

1) The steudy- stade points ab F ure praisly given

bg {(x.)<uev[ x= geAy

2) all the steady stule points in UxV ure

hyperbolic bor their respertine systens FX=f(,)

on R. i.e. euch matrix DxF( gcy); ))

is hyperlolic



Che same statement halds true it me replace

byperbolic" in the therrem alove with imertable", in
bath instances

Recall that a matrex is hyperlalic ib it has no eiyemalues

on the imugenary wiis. and imerlalle if it hay no o-eigealues

Thr. 1 essentially tells us that hpperbotee steady- slales persiat

the bullowiny temma will be extemely urebul

Lem 2 Let A: R"- Mat(n. ) be acontinues fumity ab

compler nxn matrices. Then the eigenalues wre contrucs in

the ballening way Gven all (enl so Apo), given an {>o
there is a 8>0 such that ib lla-poll s then the eigenalues

uf Ap lie in the uf open ballsenin

BEсX) UBEсAe)U.. U B&(hn), where di,. In are the

(nut vecessuriy distind) eigervalues uв Ано

In faet Griven fho, given & and ginon ) an eigenrluer ub Ap.
with algelrwic multiplirity k, there is a S70 suchE small encrigh

Truch that

BEC)
Contuns

as egen
values ah

Apoculy

at if 1-Mollc8. then the sum uf the algelraie

mulliplinter of the ecganadurs of Ae that lie in B:(X)
laequals C

mulliphin

D C

m

mullne
2

multan 3 2

R2



(10 Prb a Lemna2 : Renate by
n 2-2

p(e)= X"+ a(p)X"+ a (H) X* + A1(H)X +Qo (H)
X,H

= det(x]da-Ar)

Suppore h., Eso and X an eigenalue ub A po are yiven

Dante by (X,1)= (M)(Xipl), which is nat the O- palynomind

че hut the ouly zew uf plX, M)

that is conturmed in Baia ) is > ilsell

Then by the urgument principle,

6f 48 ) d2 = #zermes af Pp im BocA),
2ãі Jc PlZ. MU)

counted ulh multiplir

=k

where C denates ucurde uf radins &, integrated conder-

Ickuire, arond

Then C has on it no zernes uf plz.10), So (since the uirde

is compart) there exishs mm a 8.S0
 uh that p(2, (1)duesnat

vunish on C if 1lp-Holl Csi.

So the map 4:В8. (м0) = (0
L6 4(2.1)
ani Se pte dz is well defind

Itis also cantinues now chere S, >8>o Euh that, iв

111-101l 8 then 114(1)-ell <

Sime & takes on ineger vulues, necessanh

2 d2: Hzenes of pam Bеса)
counted wrih mulisplich

This promes the second port ab the Semmиn,

The Einst bollons immstealely from thar



1 Nute that The I Now bolloms inmmediately from Lernms I and the

Implical Funter therem

To fuuther drive home that we are nat interesel in hyperlatic

Eixed ponde when doing bifurcatien unalysic (wt least loral

siburcation wnalyses), recall thur

Ths Hartman-Cralmay: Let F:R"-SR" be a C' vecteabeld

and p a lyperlslic Eixad point o
fthe flow of I, so F(p)=0 and

DF(P) c Mat(n;12) is lyperbolicalie. then there exist open veiberhode

PEUEI2", oEV= R und a hemecmaphism H.u-Sv

which canjugnter the restrictem ub X=Flx) on (I to that ah

y= DFCeDy on V. (Thatis, if Polx) dennter the blan of é =Fcx)

and Yely that af y= DF(p)y. Then Yelx)is defined iff YeCHCх)

is debried, and then Htelx )= (HCX)))

So far we have only considered I pramuter siburcatiors, but

athers exist as well, of course, cowrider ey.

X= fxle (x)= x²>x +he, xid,ALER

Wate thar, bos tixed sider fxide(x) =0 lus 1,2 or 3 saluturs:

Ase
f

fad

2 3

The tronsition letueen stules Dand ie , where we kave

double zero There: fr,X) = x ²-Xx+)2=0

and Dof dece) ーンニン
Qx

Ia ),=3x, from #4. Then Crom

0=x?->X+2= x²3XX+X

Iu Xz=2x³

a



(3 Together, There give
3

4X-22=

22.3³x6-3°2² x=0

This is a curp, and gields the bumons curp-

Catastrople:

herves of fA,le(x)

Aidz

Finally, I want to show u liburcchion where the number ab

steady stuke points doesnat change ut all (though the

dynamial lekaviir does change, rignibicantly!)
Consider the system on IR, paranetrisad by eR

Cwxxy-cxBy
()X) - G

= F(x,y)
Nate that the ergenvalues ab

, where wER(w>o)
is a fixed coustont

(not a varialle, no a
biburcation parumder)

DFx (0, ) =() are given by )isr

Thus. DrFxro.0) is always investelle; the isolated

steody state pont at (0,0) persists. tis in bact

the only steady state point of the system

bor all values uf deR



(13 Homener, at =0, the system loosas hyperbalicily, In buct, as

I moves trom negatueto prritive, the eigenwalues move as

C
To see wlat happens, we

 write

the System as one
 on :

by setting Z=x+iy we get

2= (X+iw) 2-212

This aheady shows one peculiarily in the system

Suppore 2(4) is a salution, and courid
er the

cume evl+)= eir z(t). bor some 
oER.

then esca): eia2
l4)= err(Xxiw)2(+)

 -eir/2/24

= (Xtiw
) eeir2(4) - 2(4).2(4)

-ei 214)

= (\tiw) eio 2(4) - (eir2le))

as

(21)) 2(+)

= (X+iw) eo(t) - fewl4)) w(t)

Thus ewlt):= ei2(+) satisber @ whemmer. 2(e) does.

the baniily of linewr maps feirlree} "represents

the Lie Croup S'"(Mneon thes later). wnd we suy thal the

Equotion has a seymmetry: there re lineur maps

sending salntevr

to Salutions

ior

e

0

Let us now wite asclution of @ in polar.

coordinates GCA)
2(+)= r(+) e

26)=0 is uluays a salition,so if we chose anу

wther scelution, this is Ok!



4

Dibberentatuy, we yet

+

re

ir tibr

Thus

7

ان لمع
=Im

Re()

T

²Im(22)
多

kor žż- (iwર) રરે+ રરa
=(iw+X) le -121"
=(iw+x)r²-14

Thus f=i Re ((iw +A)v²= r") = (x²=r)

and = 7=Im (iw+r²=v") = Jo wv= w

So always G= => Ө =wt+Oo

and i= Av-v'

Nate that Xv-v?=0 yiuer v=0 and v= JifX20

Av-y So

r

0

入レー>。

v= JA

So bor >o, we get the salutirns

i(wt+0o)

2(t) = √Je'

which wre Rerindic (its one periodic saliton, with
dibberes 2lo),abcone



We get the ваous Hорb- Bifurcation for Xs0,

we hove a stalle

steady state point, as tso, it looses stalilily, but a

stalle periodie cilil emerges

V

Again, the bifurcatim persists when highres onder

terms are added.

• Other Eumous sifurckovi to keep an eye on!

Pitchfurk

• Tronseritisal, ine.

ת



0 Part 2: Reduction Techniques

We now desvihe iv-called "(complecity) reduction technigues
Most natalily dimension reduction techniques. We start
with Lyepanor- Schmedt reduction. To illestale it, consider
the 1- paramates barmily wb ODES on 12° given by

Nete Rhad Fo(o,0) = 0 und DFu(00)- (a") the hater af

which is nat hyperbalic, some may nat ussume thes
stendy state pant perist. To solve Fxlk,y)=0 nem )=0, x= y=0,

We need to solue ficxy)E-x + y+3X+xy=0 &
=0 2.

F}(x.y)= X -xy

From the Implicil tundion Therem, as Dxfx (0,0)= -1+y -1

We see that Ois locully sahed by x= XC,y )
We wile x( y. x) = a y+b>. (1yitllA1-1)1), chen pluggin

intr O we get -x(y))+y +3 X +X(V,A)y=0о

- a y ob x + y +3 X +@clyi'tlyilx41P) =0
=s u=1, b=3, Eo

x(y,))= y +3X+ @(lyi+lyl1(X1+(1)

Now we play this eqeeation for x(y, )) unto @, to altaun

0

X- y-3xy ©lyih ilal- ylhi) o

So the slendy stater berts lide
I wah the equatias fer X detern



D So whst did we do here? This is an instonce af so-called

Lyapunon - Schmi Reduction Suppose we have a bomily

af wederfields )F: 1R"x R→ R" S.C. F(oj,0)=0. to solve ber

FCX;)=0 lorally around (x;))=(00),lel us urite ADaFlo,0)

Ws chuse a vecterspace U 51" complementary to ker (A) and a

vedyspace V= 112" complemantay to Im(A) Thus

R"= U ker (A): V@ Im(A), Renate by

Pv:R"-SV the prijeiten onta V long Tm(A). So

2dv-Pv 18^->hm(A) is the prizeteon nte Im (A) alony V

Ther F(x;)=0 is equivalant to

(2dv-Pv) fCx,)) = (Idv-PulF(u+y;)) =0

Pv Fcx,))= Pv F(ut y;)) = 0@

ken (A)

where we wite x=ary wih aell. y ere

Wetit fous on Equation D Define 6: Uxhni)a 12- m(A)

by G(u, y;X)=(Llu- PV) (Fu+ yjA)

yimen peU, we have DuG(o.o.o)p= fele0G(Ep.u,0
=lesu (Idv-Pu) F(tpjo) = (hdu-Pv)DxFcoio) p

= (dv-Pv) A p= Ap

where in the lust slep we use that Ape Im(A), 2o
(IAU-PUIAP- Ap

Nowich DuG(00ic)p=0 then Apzo sr pe hes t, but pel

and 2"=w her(A) sr P=O. Thus DuG(0,0,0) is imeilue
kes

By rank mullily dim A) dim (Im( A1) = dim(12") = n

(As u-s herrA) s n" Ism(4) -so is ecad)0-

Also dim(u) - dim(her(11) = n Sr dim(m(A1)= dim(a), Thus

DuG(0,0,0). U- hm(A)is lijeilive So by the

Implicit Fundiom thery: Dis sulved loally by (uly;), yX)

Nou delme Hi hn(A) x 1- V by

H (y;X) = Pu F(4(y;x)+y;X)
Hlyi))=0

Then solutar to 3 urethe sume us salutens to ②, guen
is salisbe



18: Mate us well that

dim(V)= ndin(m(A)) = diml ken(A1)

So the only pluce we hove to get" our lands dirly" is at
salriy (Yil)=o bn ye hn(A)

Ecample Consider the ODE:

X: -X, + Sin(xi) y²
X2= -X2 +2 sm(X2) y²
X3 = -x 3 + 3 sin(X3) y²

= fx(X Xoe, У)

Χιου-Χίου 7100 sim Yio0) y
3

y =- X + y² + X³+X + + X

with Xi,Xz.. X1oo. y.XER. What in the struleme I the
Zerves veun (0.0..o.0j0) c12

1027

By the Implict Cuntion Therem,A
Thento sclve bn the y- vurialle?

X; = X;(Y; X) = O1y-1X1)

0 -+ (1

Thas we lanetr salme X-yea cocipiNVX) =6
So ayin we get Xo..Xia Y"

lorally

The hyapunon - Schmist Redution tedniqre is mre af u biy
deal" then you might think: as we home :

Thenem (inbumaly) : Let Us121 open. bonded, Und det
C(uin) denste all smouth maps liu- Wut R;n)

Thon br"generic choice uf lE((uin), we hame

dim hes l(x)) = d bnall Xe U
















































